Abstract. Let v be a henselian valuation of arbitrary rank of a field K andṽ be the prolongation of v to the algebraic closure K of K with value group G. In 2008, Ron Brown gave a class P of monic irreducible polynomials over K such that to each g(x) belonging to P, there corresponds a smallest constant λ g belonging to G (referred to as Brown's constant) with the property that whenever v (g(β)) is more than λ g with K(β) a tamely ramified extension of (K, v), then
Introduction
Throughout v is a henselian valuation of arbitrary rank of a field K andṽ is the unique prolongation of v to the algebraic closure K of K with value group G.
In 2008, Ron Brown [5] , gave a class 1 P of monic irreducible polynomials over any henselian valued field (K, v) (which coincides with the class of all monic irreducible polynomials when (K, v) is maximally complete) satisfying the following property:
To every g(x) belonging to P, one can associate a constant λ g belonging to G such that whenever K(β) is a tamely ramified extension of (K, v), β belonging to K andṽ(g(β)) > λ g , then K(β) contains a root of the polynomial g (x) . Moreover, the constant λ g is the smallest with the above property. This constant will be referred to as Brown's constant. It will be shown that the conditionṽ(g(β)) > λ g is in general weaker than the analogous conditioñ v(g(β)) > 2ṽ(g (β)) in Hensel's Lemma for guaranteeing the existence of a root of g(x) in a tamely ramified 2 extension K(β) of (K, v) (see Corollary 1.2, 1.5 ).
In this paper, our aim is to determine explicitly Brown's constant for all possible irreducible polynomials g (x) and to show that this constant satisfies an important property even without the assumption that K(β)/K is tamely ramified. We show that this constant can be associated to any monic irreducible polynomial g(x) belonging to K [x] provided K(θ) is a defectless extension of (K, v) where θ is a root of g(x). Brown's constant will be determined using complete distinguished chains defined below. 
known that a simple extension K(θ) of (K, v) is defectless if and only if θ has a 1 This class of polynomials arose in a study of the extensions of v to the rational function field K(x) in [4] .
2 A finite extension (K , v ) of (K, v) (or briefly K /K) is said to be tamely ramified if (i) it is defectless, i.e., [K : K] = ef , where e, f are respectively the index of ramification and the residual degree of v /v, (ii) the residue field of v is a separable extension of the residue field of v and (iii) e is not divisible by the characteristic of the residue field of v. For θ belonging to K \ K with K(θ)/K defectless, we shall denote by δ K (θ) the main invariant associated with θ defined by
As shown in [2, Theorem 2.4], the above supremum is attained by virtue of the hypothesis that K(θ)/K is defectless; indeed there exists α belonging to K such that (θ, α) is a distinguished pair. Let (θ, α) be a distinguished pair with g(x) the minimal polynomial of θ over K. As shown in Lemma 2.2,ṽ(g(α)) is independent of the choice of α. Indeed we prove in the following theorem thatṽ(g(α)) is the Brown's constant associated with g(x) when K(θ)/K is a defectless extension. 
) is the smallest element of G satisfying the above property.
The following two results will be quickly deduced from the above theorem. 
The theorem stated below has been proved to conclude that Brown's constantṽ(g(α)) is indeed smaller than 2ṽ(g (β)), when g(x) has coefficients in the valuation ring of v. This theorem is of independent interest as well.
and β be as in Theorem 1.
The following corollary will be proved using the above theorem. 
Some preliminary results

Let
where for any i, the polynomial g i (x) belonging to R [x] has degree less than that of f (x). This expansion of g(x) will be referred to as
will be referred to as the valuation defined by the pair (α, δ). The description of
is given by the already known theorem stated below (cf. [3] , [7] ). 
With the above notations, we prove
be any K-conjugate of θ. There exists an automorphism σ of
consequently by (1), we have,
).
Summing over i, we obtain the first equality. The second equality can be similarly verified.
Keeping in mind thatṽ(α − θ 1 ) δ, it can be easily checked that the valuations w α,δ andw θ 1 ,δ are the same. Therefore the lemma follows from (2).
Lemma 2.3. Let g(x) and h(x) be two monic irreducible polynomials over a henselian valued field (K, v) of degrees n, m respectively. Let θ be a root of g(x)
and γ be a root of
Using the equality
from the definition of a distinguished pair thatṽ(θ − θ 2 ) < δ 1 ; consequently
If θ i runs over all roots of f i (x) (counted with multiplicities, if any), theñ
Keeping in view thatṽ(θ − θ 1 ) = δ 1 , it can be easily seen that for any K-conjugate θ 1 of θ 1 , we have
As pointed out in (3), δ 1 > δ 2 . Therefore the last equation shows that
Using the fact thatṽ(θ 1 − θ 2 ) = δ 2 , it can be easily verified that
Note that for each
using (5), we can write (4) as
In view of Lemma 2.
(f 2 (θ 1 )) and hence the above inequality proves the lemma. The following already known result will be used in the sequel. Its proof is omitted (cf. [8] ).
The above theorem immediately yields the following corollary. 
First it will be shown that assumption (6) implies that
If there exists a K-conjugate β of β with v(θ 1 − β ) δ 1 , then keeping in mind (6) and the fact that v(θ − θ 1 ) δ 1 for any K-conjugate θ of θ, it can be easily verified that v(θ − β ) = v(θ − θ 1 ); consequently summing over θ ,we would
) in view of Lemma 2.2 which is contrary to the hypothesis. Hence (7) holds.
Let M (x) denote the minimal polynomial of β over K of degree m. We now prove that
Let β be any K-conjugate of β. Then it is clear from (7) and the strong triangle law that
and hence summing over β , (8) is proved. It is immediate from (8) and Lemma
that
v(M (θ 1 )) = v(M (θ)) = m n v(g(β)).(10)
Using the hypothesis v(g(β)) > v(g(α)) = v(g(θ 1 )) and the equality v(g(θ
By repeated application of Lemma 2.4, the above inequality gives
Letw θ i ,δ i denote the valuation of K(x) with respect to the minimal pair (θ i , δ i ) and w θ i ,δ i its restriction to K(x). Then by the second assertion of Lemma 2.1, we havew
Let r 1 be the largest integer such that
such an r exists in view of (9) and (7). The desired contradiction will be obtained by showing that (11) does not hold either for i = r or for i = r + 1. We first show that
Keeping in mind (3), note that v(θ − θ r ) = min
in view of (13), for any K-conjugate β of β, we have
Summing over β , (14) is proved. Further proof is split in two cases.
It is immediate from (14), Theorem
2.A and (12) that
which contradicts (11) for i = r. Thus the theorem is proved in this case.
Case II. n r does not divide m. So n r 2 and consequently by the definition of a complete distinguished chain s r + 1. We first show that n r+1 divides m, this is obvious if s = r + 1, i.e., n r+1 = 1. When s r + 2, then keeping in mind that r is the largest positive integer satisfying (13), we see that there exists a K-conjugate β of β such that
. It now follows from Theorem 2.B that n r+1 divides m = deg β .
Arguing exactly as in the proof of Case I, we see that
v(f r+1 (θ r )) which will contradict (11) for i = r + 1 once we show that
To verify (15), observe that for any K-conjugate β of β, we have
because otherwise by Theorem 2.B, n r divides m which is not the case under consideration. Using (16) and the fact that v(θ − θ r ) = δ r > δ r+1 , it can be easily seen that
. On summing over β , (15) follows and hence the desired result.
Note that λ g = v(g(α) ) is the smallest constant satisfying the property that whenever β belonging to K is such that v(g(β)) > λ g , then there exists a Kconjugate θ of θ with v(θ − β) > δ K (θ) because on taking β = α, we have v(g(β)) = λ g , but there does not exist any K-conjugate θ of θ for which 
Since δ K (θ ) = δ K (θ), it follows from (17) and Theorem 2.B that For an element ξ in the valuation ring ofṽ,ξ will denote itsṽ-residue, i.e., the image of ξ under the canonical homomorphism from the valuation ring ofṽ onto its residue field.
, by the strong triangle law, we have
(ii) Let (θ, α) be a distinguished pair, K(θ)/K be a tamely ramified extension and 
Using (3), we see that
Since
) has distinct roots.
Set α (1) = α. We now verify that for i > 1,
because the inequality v(θ − α
which in turn shows that ω K (α) δ K (θ) contradicting (19). Using the equality 
. With notations as in Lemma 2.1, we havẽ
So by Theorem 2.A,
with strict inequality if i is not divisible by k. By Theorem 1.1 and the fact
Replacing β by β, we may assume without loss of generality that
Denote the sums
by H(x) and H 1 (x) respectively, so that g(x) = H(x) + H 1 (x). We first show that
this will be accomplished by showing that for each i, one has
and for i not divisible by k, we have
Clearly (24) needs to be verified only when deg α > 1, otherwise each g i (x) would be constant. Note that by (22) and Lemma 4.
Keeping in mind Lemma 4.2 (i) and (19), we see that
which proves (24). Note that by virtue of (22), Lemmas 4.1, 4.2(ii), we have
Using (26) and arguing as for the proof of (24), one can verify (25). Thus (23) is proved. Therefore the theorem is proved once it is shown that
Taking the derivative of
, we have
It is clear from (24) that
Therefore keeping in mind (26), the desired equality (27) is proved once we show 
